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Introduction

E XTENSIVE research has been done over the past decade on
composite thin-walledbeam theories that account for coupling

responses and torsional warping.1¡ 4 Torsional warping is signi® -
cant for thin-walled composite beams with closed and open cross
sections,so that most beamanalysesinclude the effectsof free warp-
ing (St. Venant torsion).However, constrainedwarping (Vlasov tor-
sion) tends to be consideredonly in the analysis of compositebeams
with open sections such as I beams. This results by inference from
the well-known fact that torsional warping of isotropic beams with
closed cross sections is much smaller than that with open cross
sections.Because of the complex structural couplings of composite
beams, constrainedwarpingmay not always be negligiblefor closed
sections.

Analytical Formulation
The beam displacements can be expressed as
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where the functions us , un , and u are the curvilinear tangential,
normal, and axial displacements, respectively.The functions uo(x),
vo(x), and wo(x) represent the rigid body translations along the x ,
y, and z axes, respectively;the variables u y(x) and u z(x) denote the
rotations about the z and y axes, respectively;and h (x) is the angle
of twist. The function w c(x , s) denotes the constrained warping.
The equations y = Åy(s) and z = Åz(s) de® ne the midline contour in
the beam cross section, and the prime denotes differentiation with
respect to x . The functions rs and rn are de® ned as
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The functionsry andrz denotethe y and z componentsof theposition
vector r in Fig. 1, respectively.

A constrained torsional warping function can be written as4,5

w c(x , s) = (2AD1/ X ) } (s)[tanh k L sinh k x ¡ cosh k x + 1] (3a)

= w f (s)[tanh k L sinh k x ¡ cosh k x + 1] (3b)
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and Bx x (s) = Ee(s)h(s), Bxs (s) = G e(s)h(s), and Ee(s) and Ge(s)
are the effective longitudinal and shear moduli, respectively. The
variable w f (s) is the free torsional warping function and is inde-
pendent of the beam axial coordinate x . From Eq. (3b), the con-
strained warping effect is seen to be governed by the warping de-
cay parameter k . The resulting strains are obtained by using linear
strain-displacement relations. The reduced constitutive equations
with three-dimensional elastic effects for a single layer and the
equilibrium equations acting over the cross section can be found
in Ref. 4.

Torsional Warping Effects
Consider the torsional warping behavior of a cantilever thin-

walled composite rectangular section beam tightly ® xed at the sup-
port where additional torsional rigidity is introduced because of
the constrained warping. The constrained warping function can be
readily determined by integratingEqs. (4) along the beam contour:

w c(x , y, z) = j (tanh k L sinh k x ¡ cosh k x + 1)yz (5)

where

j = ( f ¡ 1)/ ( f + 1) f = (d/ c)(hv / hh )(Gev / G eh ) (6)

The subscriptsh and v denote horizontal and vertical walls, respec-
tively.

The in¯ uence of geometry and material on the torsionalbehavior
of the beam are sensed through the parameter k . A large value of
k implies rapid decay of the constrained warping effect along the
beam span. The warping decay parameter can be expressed as
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where
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If the material is isotropic, Eq. (7) reduces to

k 2 =
80

(3d2 + 2dc + 3c2) £
G

E
(8)

which is close to Benscoter’s6 approximate torsion theory, k 2 =
[48/ (d + c)2](G/ E).

To evaluate the in¯ uence of k on the torsional behavior of com-
posite beams, the torsionalwarping is expressed in terms of relative
torsional warping ( D x ), which is the ratio of the constrained tor-
sional warping to the free warping, so that

D x = tanh k L sinh k x ¡ cosh k x + 1 (9)
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The length of the warping restrained region (critical region) can be
expressed as D x < 1.0. Solving Eq. (9) when D x = 1 gives the
length of the critical region

xcr =
1

k
tanh¡ 1( 1

tanh k L ) (10)

Beyond xcr, the compositebeam is consideredto be underSt. Venant
torsion. The critical length depends on both the geometry and the
mechanical properties of the composite beam.

Examples
To assess the constrainedwarping effects, cantileverhollow rect-

angular beams consistingof aluminum and graphite/epoxy are con-
sidered in this Note (Fig. 1). Their mechanical properties and geo-
metric parameters are given in Tables 1 and 2. The nondimensional
warping decay parameter k L and critical length xcr for beam A with
several layup sequences are summarized in Table 3. Circumferen-
tially asymmetric stiffness (CAS) beams produce a bending-twist
coupling so that an applied bending moment or torque produces a
coupled de¯ ection and twisting. From Table 3, it is apparent that
all of the composite beams have larger critical lengths compared
to the isotropic beam. This indicates that the constrained warping
effects are more signi® cant for composite beams than for isotropic
beams. To see the effect of the slenderness ratio on torsional warp-
ing, the length of the CAS1 beam A was kept constantand the width
d and depth c were increased proportionally so that the slenderness
ratio changes. As the slenderness ratio increases, the effects of con-
strained warping are mitigated. For a slenderness ratio of 8.0, over
50% of beam length is under the in¯ uence of constrained warp-
ing, whereas for a slenderness ratio of 34, only 10% of the beam is
constrained.

To investigate the in¯ uence of constrained torsional warping on
global beam deformations, beams A and B with a CAS1 layup se-
quence are considered.The values of k L are 24.96 for beam A and

Table 1 Mechanical properties of aluminum
and graphite/epoxy

Aluminum (isotropic)
E = 71.0 GPa G = 26.2 GPa
m = 0.3

AS4/3501-6 (graphite/epoxy)
E11 = 141.96 GPa E22 = E33 = 9.79 GPa
G12 = G13 = 6.0 GPa G23 = 4.83 GPa
m 12 = m 13 = 0.3 m 23 = 0.43

Fig. 1 Coordinate systems and geometry of a closed section beam.

6.24 for beam B. Figure 2 shows the bending-inducedtwist angle of
beam A subjected to a 4.45-N tip shear load at the geometric center.
Here, constrainedwarping accounts for a differenceof 4% in the tip
twist angle compared to free warping. The free warping test data1

are also plotted for comparison. It can be seen that the constrained
warping effect is small for this slender beam. On the other hand,
the constrainteffect is more pronouncedfor beams with lower slen-
derness ratios. For beam B (low slenderness ratio) acted upon by a
0.113-N ¢ m tip torque, the reductionin bending-inducedtwist at the
tip of the beam is 13%, as shown in Fig. 3. This reduction is large
enough to invalidate the assumption of purely St. Venant torsional
behavior.

Constrained warping can also lead to signi® cant elevation of
stresses within the affected regions. The normal and shear stress
resultants (Nx x and Nx s) were calculatedfor beam B with the CAS1
layup subjected to a 0.113-N ¢ m tip torque. The maximum shear
stress resultant occurs at the cantilevered end (x = 0) at z = 0
and is 26% higher than the shear ¯ ow (q = T /2A) because of
free warping, i.e., (Nx s)max /q = 1.26. The maximum normal stress
resultant occurs at the corners of the box beam at the cantilevered
end. In the ¯ ange region [(Nx x )max/ q] j ¯ ange = 1.30, and in the web
region [(Nxx )max /q]j web = 2.43.

In light of the complex structural couplings of composite hollow
beams, as demonstrated in the precedingexamples, the in¯ uence of
constrained warping may be signi® cant, depending on wall layup

Table 2 Thin-walled rectangular beam geometry

Parameters Beam A Beam B

Length L , mm 762.0 762.0
Outer width d , mm 24.2 96.8
Outer depth c, mm 13.6 54.5
Slenderness ratio L/ d 31.5 8.0
Wall thickness h , mm 0.762 0.762
Number of layers 6 6
Layer thickness, mm 0.127 0.127

Table 3 Decaying parameters and critical length for different layups

Materials Flanges Webs k L xcr / L , %

Aluminum 75.88 8.0
Graphite/epoxy

Cross-ply [0/ 90]3 [0/ 90]3 34.11 17.9
CAS1 [15]6 [+15/ ¡ 15]3 24.96 24.5
CAS2 [30]6 [+30/ ¡ 30]3 39.72 15.4
CAS3 [45]6 [+45/ ¡ 45]3 59.94 10.2



1084 AIAA JOURNAL, VOL. 35, NO. 6: TECHNICAL NOTES

Fig. 2 Bending-induced twist angle of CAS1 beam A acted upon by
4.45-N tip shear load.

Fig. 3 Bending-induced twist angle of CAS1 beam B acted upon by
4.45-N tip shear load.

sequences,induceddeformations,and slendernessratio.Neglecting
this effectby usinga St. Venant torsionalanalysiscangiveerroneous
results and signi® cant underpredictionof stresses in some cases.

Conclusions
The constrained warping effect is found to be signi® cant enough

to be included in the analysis of composite hollow beams in certain
circumstances. A small nondimensional warping decay parameter
( k L) gives a large critical length of constrained warping (xcr). This
lengthdependson thegeometryand the mechanicalpropertiesof the
beam. Larger xcr of composite hollow beams compared to isotropic
hollow beams indicates that constrained warping in composites is
of more signi® cance. A large slenderness ratio tends to mitigate the
effects of constrained warping. In one of the examples (slenderness
ratio = 8, k L = 25), the bending-induced twist angle was shown
to be reduced by 13% because of the constraint effect. Additional
stresses caused by constrainedwarping can be very high. An exam-
ple shows that maximum Nxs and Nx x at the support are higher by
26 and 143% than free warping.
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Nomenclature
A = matrix of aerodynamic forces
b = semichord
K = stiffness matrix
k = reduced frequency, x b/ u
M = Mach number
M = consistent mass matrix
p = eigenvalue
q = dynamic pressure, q u2/2
Ãq = nondimensionaldynamic pressure; Ãq 2 (0, 1)
u = airspeed
Äv = eigenvector
q = air density
X = diagonal matrix with free vibration frequencies
x = vibration frequency

Introduction

A LTHOUGH signi® cant advances have been made in the use of
nonlinear ¯ uid mechanics models for aeroelasticityanalysis,1

most analysis is still performed using linear unsteadypotential ¯ ow
models. Combining linear elastic structural dynamics with linear
unsteady potential ¯ ow, it is possible to analyze the stability of
quite complex aircraft structures by solving a nonlinear eigenvalue
problem. There are several different methods available for the so-
lution of nonlinear eigenvalue problems,2 and this Note focuses on
the convergencepropertiesof a particularmethod known as the p±k
method.

Assuming linear structuraldynamics, the equationsof motion for
an aircraft wing structure may be given in discretized form as

M Èv + Kv = f (t ) (1)

where the vector v 2 Rn denotes the nodal displacements of the
wing ® nite element model.

Assuming linear unsteady aerodynamics and transforming the
equations to the frequency domain gives the eigenvalue problem

[p2M + K ¡ qA(M , p)] Äv = 0 (2)

Following standardprocedures,2 the eigenvalueproblem is trans-
formed using a modal subspace into the nondimensionalform given
by

[ Ãp2I + X 2 ¡ Ãq ÃA( Ãp, M)]Ãv = 0 (3)

where Ãv 2 Rm and usually with m ¿ n. The nondimensionaleigen-
value Ãp is de® ned such that the imaginary part equals the reduced
frequency k.
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